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C3 . Abstract 

Blow-up solutions to the two-dimensional Gel'fand problem are studied. It is 
known that the location of the blow-up points of these solutions is related to a Hamil- 
tonian function involving the Green function of the domain. We show that this im- 
plies an equivalence between the Morse indices of the solutions and the associated 
£ — . criticalpoints of the Hamiltonian. 
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1 Introduction 

The purpose of the present paper is to study the Gel'fand problem 

Hi [ -An = Xe u inQ 

\u = o on on, (L1) 

where f2 C IR 2 is a bounded domain with smooth boundary <9f2 and A > is a parameter. 
This problem is associated with several phenomena in differential geometry, turbulence 
theory, and gauge field theory (see (S08J and the references therein.) 
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Let C = {(A, it) E IR + x C(Q) | ffTTj) is satisfied} be the solutions set. The first 
observation is that C = for A large enough. The next one is that C D {A > e} is compact 
in R x C(fi) for any £ > and then there are at least two solutions for each < A 1 
(see HCR75II for this fact and also HCL01II for more detailed construction of the solutions). 

The structure of C, however, is much richer according to the topological and geomet- 
rical properties of the domain ft (see HEGP05H . HDKM05H and HSU92IH . which provides 
significant effects to the above mentioned geometric and physical theories. Critical phe- 
nomena in fact occur to the solution u = u(x) as A 4- 0. This profile is described by 
HNS90H as a quantized blow-up mechanism. 

Let {A n } n6 ]N be a sequence of positive values such that A n — > as n — > oo and let 
u n = u n (x) be a sequence of solutions of (11.11) for A = A n . In HNS90L the authors proved 
the total mass quantization, that is, 

A n / e Un dx ->■ 8vrm (1.2) 
Jn 

for some m — 0, 1, 2, • • • , +oo along a sub-sequence. 

If m = the pair (A n , u\ n ) £ C converges to (0, 0) as A n — > 0. 

If m = +oo there arises the entire blow-up of the solution u n , in the sense that inf K u n — > 
+oo for any K m il. 

If < m < oo the solutions {u n } blow-up at m-points. Thus there is a set S = 
{k\, ■ ■ ■ , K m } C VL of m distinct points such that ||w n ||i°°(a;) = 0(1) for any wifl\5, 

u n\s ~^ +°° as n — y oo, 

and 

m 

u n ^J2 &7rG (-> K ^ ™C? oc (Q\S). (1.3) 

3=1 

Here and henceforth, G(x,y) denotes the Green function of —A in with Dirichlet 
boundary condition. The Robin function R(x) = K(x, x) is now defined by the regu- 
lar part of G(x, y) denoted by K = K(x, y), i.e., 

G{x,y) = — \og\x -yl' 1 + K(x,y). (1.4) 
Then the blow-up points satisfy, 

VH m ( Kl ,...,K m )=0 (1.5) 

where 

1 m 1 
H m (x u ...,x m ) = ~J2 R ( x i) + 2 G ( x v x h)- 

j=l l<j,h<m 
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See also HMW011 for relating facts. 

If the critical point (aci, . . . , K m ) of H m is non-degenerate, then it generates a family 
of solutions {u x }\ to dTTTT) satisfying (fL2l) as A | (see IIBP981 ). Moreover the non- 
degeneracy of (ki, . . . , K m ) implies that of u\ for < A <C 1. This was proven first for 
m = 1 by HGG04H and then by HGOSllB for the general case. The purpose of this paper 
is to know more about this correspondence between the solution u\ and the associated 
critical point (/%,..., K m ) of H m up to the Morse indices of the both (see Remark [L4l 
and Remark [T31 for a more detailed motivation). 

To state our results, we take a sequence of solutions {u n } to ( ll.lt for A = A n satisfying 
A n 4- and (1 1 .21) . Since m = 1 was studied in IIGG09H we shall assume m > 2 in the 
sequel. Then we consider the eigenvalue problem 

— Av* = fi^X n e Un v^ in Q 

IknlU = majcjyi;* = 1 (1.6) 
v \ — on 90 

which admits a sequence of eigenvalues < n? n < pj^ < . . . , where is the /c-th 
eigenfunction of (11.6b corresponding to the eigenvalue /x^. The Morse and augmented 
Morse index of u n , denoted by md M (u n ) and md* M (u n ), respectively, are defined by 

indjuK) =#{*eN;^< 1}, ind^K) = #{£; G N; ^ < 1}. 

Given a C 2 -function / of 2m-variables 

(xi, • • • , x m ) = (xi,i, xi,2, • • • , x mt i,x m 2) G H 2m , 

and its critical point («!,■•• , ft m ) G IR 2m , the Morse and augmented Morse index of / at 
(«!, • ■ ■ , « m ) are denoted by ind A / ■ ■ • , « m ) and md* M f(Ki, ■ ■ , tnat is > 

md M f(K U ■-,g = #{kK;A fc < 0}, 
ind^/K, -,g = #{fceNiA fc < 0}, 

where A 1 < A 2 < ■ ■ ■ < A 2m are the eigenvalues of the Hessian matrix Hess/ = 
( dxi^Ljp ) at ,«m), withij = l,..,manda,/3 = 1,2. 

Under these notations we can state our main result. 

Theorem 1.1. Suppose that {u n } is a sequence of solutions to (ll.lt which blows-up 
at K±, • ■ ■ , n m G Q. Then its Morse index mdM(u n ) and the augmented Morse index 
ind A/ (zt n ) satisfy the following estimates for n large, 

m + ind A /{-if m (Ki, • ■ ■ , K m )} < va.d M (u n ), (1.7) 
md* M (u n ) <m + md* M {- H m (K U ■ • • , n m )}. (1.8) 



4 



Francesca Gladiali, Massimo Grossi, Hiroshi Ohtsuka, Takashi Suzuki 



I/(ki, • ■ ■ , K m ) is anon-degenerate critical point of H m , it holds that indM-^ m (^i, • ■ ■ , «m) 
ind* M H m (ni, ■ ■ ■ , K m ), and hence 

ind M (w„) =m + ind Af {-i7 m (/€i, •■■ ,K m )}. 

From the proof of Theorem 11.11 described above, we always have m < indjtf(it n ) < 
md* M (u n ) < 3m. A direct proof of the first inequality, m < 'uxl M {u n ), is given in HFTL 

The previous result is a consequence of a delicate asymptotic expansion of the first 3m + 1 
eigenvalues. This result, contained in the next theorem, is interesting in itself. 

Theorem 1.2. We have that, for X n — > 0, 

= -£r-V + (r-V ) forl<k<m, (1.9) 



and 



21ogA n V lo g-^n 
/4 = 1 - 487rr/ 2m - (fc - m)+1 A n + o (A n ) /or m + 1 < k < 3m, (1.10) 

&>1 fork>3m + l (1.11) 



where rf (k = 1, • • • , 2m) ?/ze A;-f/z eigenvalue of the matrix D(H.essH m )D at (k\, ■ ■ ■ ,K r 
Here D = (D^) is the diagonal matrix diag[di, d 1 , d 2 , d 2 , ■ ■ ■ ,d m , d m ] (see (12.31) for the 
definition of the constants dj). 

Theorem 11.21 involves delicate computations. One of the crucial point is to localize 
u n and its partial derivatives around the blowup points «i, • • • , n m . Actually, we will use 
them as test functions to estimate the first 3m + 1 eigenvalues. 

Remark 1.3. An analogous result to Theorem [TTT] has been proved in HBYR95M for posi- 
tive solutions of the problem 

Af+2 

— Am = u N ~ 2 inf2 (112) 
u = on <9f2, 

where VI C R is a smooth bounded domain, N > 4 and e is small enough. However, 
the approach used in HBYR951 is quite different from ours and it does not provide the 
estimates of Theorem 1 1 .21 Similar estimates to (ll.9l) - (ll.l II) for the problem (11.121) was 
obtained in IGP05I . 

Remark 1.4. We note that H m = H m (xi, . . . ,x m ) appears as the Hamiltonian in the 
point vortex theory of Onsager 1104911 . In this theory the vortex system 

(l IT ■ 

= W L H m (x u ...,x m ), i = 1, . . . , m (1.13) 
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is used to describe the motion of point vortices u(dx, t) = J2i=i ^(t) (dx) of perfect fluid 
in a two dimensional space. Then the Gel'fand problem dl.lt arises as a high-energy limit 
as N — > oo in (11.131) under the factorization property, sometimes called the propagation 
of chaos HJM731 IPL761 IES93L We thus regard (fLT3l as a Hamilton system to take the 
canonical measure by a thermodynamical relation (see HCLMP921 ICLMP951 lK93l ISU92H 
for more rigorous approach and related mathematical results). 

Remark 1.5. At this stage it may be worth mentioning of HGT10H . where the authors 
proved that if Q is convex only m — 1 is admitted and H 1 has only one critical point. 
However, bifurcation of critical points of H rn may occur if we perturb the domain into a 
non-convex one, which implies the existence of the singular limits with m > 1 as A — > 
(see, e.g., HMS97L HCCL03H . HEGP05L and HDKM05II ). In the generic case, these critical 
points of H m after bifurcation are non-degenerate and hence the associated singular limits 
generate non-degenerate classical solutions to dl.lt for A small as we mentioned before. 
Therefore it may be natural to ask whether the change of Morse indices of the solutions 
{u\} follows from the bifurcation of the critical point of H m or not. The conclusion of 
the present paper supports this delicate property. 

The quantized blowup mechanism (II .21) induces the invariance of the total degree of 
the set of solutions to the mean field equation in dis-quantized intervals of the parameter, 
and the degree is related to the genus of f2 (see HCL031I ). In this paper we are concentrated 
on the Gel'fand problem dl.lt . although similar correspondences between the Morse in- 
dex of the solution and the Hamiltonian are suspected for the mean field equation, too. 
Our analysis here uses Y.Y. Li's estimate HLi99H (see HL071I for an alternative proof). 

This paper is organized as follows. Section [2] contains some preliminaries and some 
estimates on the the eigenvalues fi n when /i n — > and /i n — > 1 which will use in the next 
sections. In Section [3] we show the main estimates on the eigenvalues. In Section |4] we 
prove Theorems 11.11 and 11.21 In the appendix we show several elementary facts used in 
the paper. 

2 Preliminaries and asymptotic estimates 

2.1 The general case ii k n > 

In this section we show several properties on eigenvalues {/ijj} and eigenfunctions {v*} 
of (fL6l) for any k > 0. 

Take < R 1 satisfying B 2 R(n,i) (e Q for i — 1, . . . , m and B R (ni) fl B R {nj) = 
if i 7^ j. For each kj g S, j — 1, . . . , m, there exists a sequence {xj n } G Br(kj) such 
that 
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i) Un(xj, n ) = snp BR{Xjn) u n (x) -»■ +00, 
if) Xj t n — y Kj as n — y +00. 



Then we rescale u n around x^ n as 



Uj, n (x) := m„ n x + Xj- n ) - u n (x j>n ) in (0) (2.1) 

where the scaling parameter 5 3 - yU is determined by 

\ ne ^j,n) 6 2, n = 1 (2 .2) 

By HGOSlll Corollary 4.3] there exists a constant dj > such that 

Sj, n = djXl + o (xl) (2.3) 



as n — y 00 for a sub-sequence, and in particular, Sj :Tl — y 0. Then relations (12.21 ) and (12.31) 
in turn give 

u n (x j>n ) = -21ogA n + 0(l) (2.4) 
as n — )■ 00 for any j = 1 , . . . , m. 

Remark 2.1. The above d,- is determined by the blow-up set S. Actually it can be proved 
that 

dj = - exp < AnR^Kj) + Air ^ Kj) > . (2.5) 

l<i<m 

The proof of (12.51) requires a weak form of sharper estimates due to HCL02II . 

The function u^ n in (12.11) satisfies 

-Au j>n = e fi *> in (0) 
Uj, n < ^i,n(0) = in £? a (0) 

and then a classification result (see HCL91I ) implies 

1 



u j>n (x) -y U(x) = log in C£ (K, 2 ). (2.6) 
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Moreover (see HLi9910 , it holds that 

|uj>(x) - E/"(z)| < C, Vie £ji_(0) (2.7) 

with a constant C > 0. 
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As we did for u n , we rescale also the eigenfunctions v n around Xj. n using 5 j n defined 
by (1231) . that is, 

v j n (x) := v n (5^ n x + x j n ) in -B^r_(0). (2.8) 

Then it holds that 

-Avj. n = /jL n e^' n Vj tn in B_r_(0) 

11 3' n "L™{B R (0)) - 

The following proposition follows from the standard elliptic theory. 
Proposition 2.2. Le? {/x n } ^ o, sequence of eigenvalues of (11.61) satisfying 

fi n > /Iqo G 1R 

a* n — > oo. 77zen ^ere ex/*? (Vi, • • • , Kn) G (^"(IR 2 )" 1 and a sub-sequence satisfying 
and 

- AVj = fioo^Vj inU 2 , ||^|| Loo(]R2) < 1. (2.10) 

Remark 2.3. Since it may happen that V 3 ■ = for any j = 1, . . . , m, from (12.101) we 
cannot derive that yt,^ is an eigenvalue of 

-AV = ae u V in 1R 2 , V G L°° (lR 2 ) . (2.11) 

Later we shall prove that V 3 ; ^ for some j G {1, • • • , m}, and consequently, fi^ is 
actually an eigenvalue of (12.1 II) . 

The structure of the eigenvalue problem (12.1 II) is described in HGG09I Theorem 11.1]. 
All the eigenvalues are thus given as a k = M^±±l for A; = 0, 1, 2, • ■ ■ , with the multiplicity 
2k + 1. To examine the Morse index of u n , therefore, we need to study the cases //oo = 
a = and /ioo = a.\ — 1. 

Remark 2.4. We have that 

i) If /ioo = «o = we have Vj = cj, where a,- G 1R\{0} is a constant. Let c = 

( C\ j , c m ) . 

ii) If /ioo = «i = 1 there exists a vector Oj G 1R 2 and a constant &j G 1R such 
that (a 3 -,6 3 -) ^ (0,0) and V,- = a 3 - ■ VU + 6yZ7, where U = x ■ VU + 2. Let 
a = (ai, • ■ ■ , a m ) G H 2m and b = (&i, • • • , b m ) G IR m . 

In the next proposition we show the asymptotic profile of v n in Q\{aci, • ■ • , n m }. 
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Proposition 2.5. For < R <C 1 it holds that 

v n {x) 



bj,nG(x,Xj,n) + l\n " V tf G(z, 2^)} + o(\l) (2.12) 



3=1 



uniformly in fl\ U 7 JL 1 Br (Kj), where 



7° 



X n e Un Vr, dx 



B R (xj, n ) 



andjj n = (T^Tj.n) with 



l,a 



Bn{'£j,r, 



{x •Ej,n)aXn& v n dx , (y 1,2. 



Proof. We may assume Xj n G Br (kj). Using Green's representation formula, we have 

4 

v n (x) 



Jn 



G(x,y)\ n e Un v n dy 



G(x,y)X n e Un v n dy 



7=1 •JB R (x jjn ) JQXuf^Bnixj^) 

J ~2T J ~T 



G(x,y)\ n e Un v n dy. 



Here it holds that, 



G(x,y)\ n e Un v r , 



n\u™B R (x jin ) 

J T 



<0(\ n ) [ \G(x,y)\dy = 0(\ n ). 

Jn\\j™B R (x jtn ) 

J T 

Taylor's theorem, on the other hand, implies 

G(x, y) = G(x, x jin ) + {y- x jin ) ■ V y G(x, x jiU ) + s(x, r],y- x^ n ) 

for x G Vt \ B R (kj) =>- x G \ Br (x,>) and y G Br (xj in ), where 

1 - 

s{x, 77, y - xj, n ) = - GyayAX'^iy ~ Xj,n)a{y -x j>n )p, 

Then we obtain 



G(x,y)X n e Un v n dy = G(x,x j>n ) / X n e u "v n dy 

B R (Xj, n ) 



V y G{x, x jtH ) ■ (y- x^ n )\ n 

J B R (Xj }n ) 



e Un v n dy 



1 \- 

+ 9 £ 



(y - x j>n ) a (y - x j , n ) l3 Gy a y fj (x,ri)\ n e Un v n dy. 
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So we have 



/ \ n e u "v n dy = rf n - \ 

■JB R {x 3 , n ) JB 



B R (K,j)\B R (Xj, n ) 
IT 



X n e Un v n dy = 7 ° n + 0(A n ) 



and also 



/ {y - Xj,n) a \ n e Un v n dy = 7^ + 0(X n ) = 7);" + o (\ 

JB R (x jin ) V 

Finally, taking e G (0, 1), we get 



/ 

■/Bis 



< CR £ 



\y-x j<n \ 2 £ X n e Un dy 



Br (x jtn ) 
T 



CR £ 5 



.)■>> 



■\2-e„u 



B R (0) 

by (I2.7I ). The proof is complete. 
Remark 2.6. Using that 



e^dy = O (5 2 r n £ ) = o (a| 



Jn 



\7 x G(x,y)\ n e Un v n dy, 



similarly we have 

1 dv. 
fi n dx 



for a = 1, 2, uniformly in Q\ 5_r (kj). 

Remark 2.7. Since 7° n = 0(1) and 7 j; n = 0(1), we have 

= 0(/v) in O 1 (O \ U^flj^-)) 

for every /^oo e H. 

Proposition 2.8. ///U^ 7^ ?/zen it follows that 

1 



7 =0 



logA n 



and 



□ 



7T ' T^T = S W.rA^, Zj>) + 7/,n • V jA«(z, x i>n )} + o (2.13) 



(2.14) 



(2.15) 
(2.16) 



10 



Francesca Gladiali, Massimo Grossi, Hiroshi Ohtsuka, Takashi Suzuki 



Proof. From equations (11.11) and (11.61) . we have 

f (du n v n d v n \ f ( v n . ^\ , 
/ -r u n - dx = Au n u n A — dx 

JdB R (x,. „) V OV [l n OV [l n ) Jb r {x 3 ^)\ Vn Vn J 

= - X n e Un — dx + X n e Un v n u n dx 

JB R (x^ n ) Vn JB R (x j:n ) 



X n / e Un — dx + u n (x j>n )X n / e Un v n dx 

JB R {xj >n ) Vn JB R (x jtn ) 

+ X n e Un v n { u n - u n (x jt n ) } dx 

J B R (xj,„) 



(un(x jt n) - — J 7° n + X n e Un v n {u n - u n (x jtn )}dx. (2.17) 

V Vn/ ' JB R (x Jtn ) 



Here it holds that 



Xn I & ^n\^n '^n(^'j,7i) } ^X / 6 J ' Vj n Uj^ n dx 

JB R (xj, n ) JB R (0) 



f e u V j U = 0(l), (2.18) 
Jn 2 



while (Q and (I2TT31) imply 

/ ^ )dx = 0(l). 

JdB R (x,„) V W tfZ/// n / 



idB R {x 3 , n ) ^ du ii n dufj, n 

Hence we obtain 

^ = ^±21 = O 



= Q(1) =o(— 

Un{Xj,n) ~ TZ \logA r 



fin 

by (12.171) . (|2.4I) and under the assumption of ^ ^ 0. Moreover 



(2.19) 



bin I ^ / I?/ - £j,„|A„e n ' l cfo/ 

J B R (xj,„) 

= S j>n f \y\e^dy = 0(S jin ) = O ( A*) . (2.20) 

^-B p (01 V 7 



□ 



Corollary 2.9. For every /i^ £ ]R holds that 

v n — ► in C 1 (H\ Uf =1 B R (kj)). (2.21) 

Proof. If /ioo = (H2D follows by RemarkO Otherwise, if ^ then (I23TT) follows 

by Proposition l2.5 land Proposition l2T8l □ 
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Remark 2.10. For every fi^ ^ (12.191) becomes 

f dx = 0{1) . (2.22) 

This estimate will be useful in the sequel. 

Proposition 2.11. There exists j G {1, • • ■ , m} satisfying Vj ^ 0. 
Proo/ It is enough to show 

v n — > uniformly in B R («_,•) (2.23) 

if = 0. In fact, if (12.231) holds for all j G {1, • • • , m} then we obtain 

v n — > uniformly in f2 

from (12.211) . which contradicts the hypothesis HtVilU^Cn) = 1- 

Property (I2T231) is proven using the same argument in HGOSlll (5.2)]. If (12.231) does 
not hold, we have 

limsup max |w n (x)| = limsup max \v n (x)\ = M > 

since («_,■) (e B 2 r (a^, n ) for n 3> 1 and (12.211) . Let z^ n G B_2H_(0) be the points such 
that 

Vj,n(hn) = SU P I%n0*0|- 
S ir (0) 

Up to a sub-sequences (denoted by the same symbol), it holds that 

\vj, n (zj,n)\ = max \v n (x)\ -> M, |% n | ->■ +oo 

by ^ = 0. 

Here we take the Kelvin transform of u^ n and v^ n , i.e., 

x \ , . fx 



which satisfy 



Here we have 



-Av jtn = -g i e**»v j>n in 5^(0)' 



%„ G 5i(0) \ 5j^(0), %,„ ->■ 0, Vj,n(Zj, n ) = «j>(%,n) ~> M - ( 2 - 24 ) 
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for Zj.n = -^ti- Let w jyn G Hq(Bi(0)) be such that 



-Aw j)Tl = f jtn inSi(O) 
Wj^ n = on dBi (0) 



where 

fj,r 

We have, from (12.71) 



fe^-n in J B 1 (0)\ J B^(0) 

1 2R 

in 5*^(0). 

2ft 



< T^e^> < C < oo 



\x\ 

where C is a constant independent on n. We have, on the other hand, Vj iH (x) = Vj :H (x) — > 
for every x G 1^(0) \ {0} by V$ = 0. Therefore, it holds that 

l|/j,n||LP(Bi(o)) -> for each p G [l,+oo) 

by the dominated convergence theorem which implies 

Wj,n uniformly in B\ (0) 

from the elliptic theory. 

We turn to the difference v^ n — Wj tTl which is harmonic in -Bi(O) \ Bs j<n (0). Then the 
maximum principle guarantees 



J," w / V J,' 

2fl 2fl 



~2R~ 

<\\Vj n — Wj n \\ ( \ + lit'-; „ — Wj „|| / , \ 

— II J,n ^' n|l .L°°(aBi(0)) 11 ■ 7 ' n 3 ' nu L^[dB s . n (0)) 

< ll^>ll£cc( 8fll( o)) + H^>llL-(eB^(o)) + II^IIl-^b^co))- 
Here, it follows from V, = that 

yj ' n "i°°(8Bi(o)) ~~ " U3 "' n "i°°(aBi(0)) 
and from (123X1) 

I^U^^TO)) = H^>ILcx.( 9B2iJ (0)) = l|Wn|l L-(sB M (,,, n) ) = 

Hence we obtain 

II^Hl-(b i( o)\7^— (o)) " l|Wj '' n|l L-(B l{ o)) + II^> _ ^>Hloc=( Bi (o)\b^(o)) 

2H 2R 

= 0(1) 

which contradicts (12.241) . □ 
Corollary 2.12. We have that ^ is an eigenvalue of (12.101) . 
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2.2 The case of fi^ = and = 1 

In this section we consider the cases ji^ = and /i^ = 1 and we improve the estimate of 
the previous section. First we start with a sharp estimate for = 0. 

Proposition 2.13. If fi^ = it holds that 

7 n = 8vrc . + o (i) ; (2.25) 

and 



21ogA n V lo g-W 
Proof. It holds that 

7° n = / X n e u "v n = e^"v j:n — >cj e u = %irc j . 

JB R {xj, n ) JB r (0) JJR 2 

We repeat the argument used for the proof of Proposition [2781 using (12.171) . First, 

f f dUnVn_ _ u ^_^n\ _ 

l^n / 

holds by (Ol) and (12.141) . Next, the limit of (12.181) is equal to / r2 e u VjU = Cj / r2 e a C/ in 
this case. Hence it follows that, using (|2.25l) 

0(1) = \u n (x jtn ) -—} {87TC,- + 0(1)} + Cj f C U U + (1). 

Let j G {1, • • • , m} be such that Cj ^ 0, assured by Proposition [2TTTJ Then the above 
relation implies 

1 

U n {Xj,n) = 0(1) 

and consequently, the conclusion by (12.41) . □ 

Now we consider the case of /i^ = 1. The proof of the asymptotic behavior of \i n for 
/ioo = 1 will be performed in several steps. 

Proposition 2.14. If /i^ = 1 then it holds that 

(2.26) 

J ' log A n 

7 1 

= Snaj + o(l), (2.27) 

and 

v n = ^2 | x j>) ~ SndjX^cij ■ V y G(x, £,,„) j + o 

bC^U^BhW). (2.28) 
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Proof. By d2H7]) and d222l) we get 



' hn 21ogA r 
Since ji^ = 1, we obtain 



f e u VjU = [ e u (oj ■ W + bjU) U = IGnb, 
Jn 2 Jn 2 



by Lemma lATTl proving (|2.26l) . 

Similarly to (12.201) we have, from Remark |2~4l 



^ — > [ ye u {cij ■ VU + bjU) = Snaj 

which proves (12.271 ). 

Finally (12^281) follows by (Q, (12^261) and (12^71 

□ 



The next proposition is a refinement of (12.151) . It relies on a bi-linear form of the 
Rellich-Pohozaev identity described below. We omit the elementary proof of this identity 
(see HQ121 Proposition 5.5] for details). 

Proposition 2.15. For every p E IR 2 , R > 0, and f,geC 2 i^B R (p)J, it holds that 

[ {[{x-p)- V/]Ap + Af[(x - p) ■ Vg}} 
Jb r ( p ) 

= R[ ( 2 ^-V/.V 9 ). (2.29) 

JdB R (p) \ dvdv J 

Proposition 2.16. If ^ = 1 it holds that 



^b J+ o(l) 
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Proof. Putting p = Xj jU , f = u n , and g = v n on the left-hand side of (12 .291 ), we have 

{[(x - X j>n ) ■ Vu n ]Av n + Au n [(x - Xj, n ) ■ Vv n ]} 

B R {xj, n ) 

{[(x - x j>n ) ■ Vu n ](-\ n fi n e Un v n ) - \ n e Un [(x - x j>n ) ■ Vv n }} 



B R (xj,n) 

/ (x- x jtn ) ■ V {X n e Un v n ) 

J B R (xj tTl ) 

+ (l-/i n ) / [(x - x jt n) ■ Vu n }{X n e Un v n ) 

J B R {xj jn ) 

[{x - x j>n ) ■ u]\ n e Un v n + 2 X n e Un v n 

dB R (xj, n ) J B R (x j:n ) 



+ (l-/i n ) / [(x -x j>n ) ■ Vu n ](\ n e Un v n ) andby<T£28]) 

J B R {xj <n ) 

= 2 7 ° n + (1 - fi n ) / [(x - x j>n ) ■ Vu n }(X n e Un v n ) + o(A n ). 

JB R (xj in ) 

Here, Lemma |A"3l implies 

/ [(x - x jjn ) ■ Vu n ](X n e Un v n ) = (x- VjM ijn ) e^ n v j>n 

JB R { Xj , n ) JB R (0) 

— > ! (x ■ VU) e u Vj = [ e u U (a,- • VU + bjU) - 2 [ e u ( aj ■ VU + bjU) 
Jn 2 Jn 2 Jn 2 

32tt, 

= 0,-, 

3 

(see Lemma lATI for the last integration). Therefore, by (12.291 ) we obtain 

n / x f 167T . , 

7 ° n = "(I - — bj + 0(1) 



3 

+ —^~ a Vu n -V — + o(A„). (2.31) 

2 JdB R (x jin ) \ OP dvn„, 

From (12131) and (12^271) . it follows that 

v t; n (x) _ 7°,n y , AA aj-2{a r v)v x \ 
p n 2tx R 

on i9.Br (%n)> where 



+ — — —\i + v/ ij> (x) + o (as 
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We note that hj jU is harmonic in B R (xj in ). Arguing as in Proposition [23] and Remark [231 
we have 

du„. , i 



x 



dx^ 

3=1 



^2 { a j,n G x a (x, x jtn ) + rr) n ■ V y G Xrx (x, x j:n )} + o (A£ 



for a = 1, 2 uniformly in f2 \ U^B^Kj), where 



4 n = / \ n e Un — »• 8tt 

«/ B R (x j: „) 



md(T ln = K'n^i.'J With 

(y - x jin ) a X n e Un dy. 



l,a 



Similarly to (12.271) , inequality (12.71 ) implies 



/ (y-^ n )A n e u "-> / ye u = 0, 
JB R {x jtn ) Jn 2 



i.e., trj n = o(5j^ n ) = o (Xn^J. Then we obtain 



Vu n (x) = — ^ • - + Vk hn (x) + o (A£ J (2.32) 
on dB R (xj :Tl ) by ( 11.31 ), where 

These formulae imply 



Idi 



2 dUnd_Vn_ _2 f ( . }_ _L 



dB R ( Xj , n) dvdvix n J d B R { X] , n )\ 2tt i? dv 

nR 7rR? JdB R (x^) 3 J dBR (x^) 9P 

Ti.n f dkj n 8djX n f , . dkj n 



KRJdB R { Xjtn ) dv R 2 JdB^x^) 3 dv 

f dk~ n dh jn ( i 

+ / 2 / / +°( A " 

®j,rHi,n 8dj\n f , -.dkj^ n 



JsB R{ xJ a] ' V) OV 



Morse indices of multiple blow-up solutions to the Gel'fand problem 



17 



by the divergence formula because hj tn and k jtn are harmonic in B R (x,, n ) 
Similarly it holds that 



Vu n ■ V— 



dB R (xj tTl ) 



JdB R (x jin ) \ 2lT R 



hn - + Vk 



R 2 



ctj ■ Wkj n 



8dj\n 



2tiR R? J d B R ( Xj , n ) 



r)k- 

K ■ldB R (x,, n ) OV 



- I V%„ • Vh j>n + o [ A 

'dB R (x jtn ) 



Here, the identity 



2 9hj n 



dB R (x j:n ) 



dv dv JdB R (x 







V/cj- n • V/i j!n = 



follows again from the bi-linear Pohozaev identity (12.291 ) because hj n and fcj n are har- 
monic. We have also 



MjXn_ 



9B R {Xj t n) 



4<iA 2 

ctj ■ Vk jtTl = 3 R2 n \dB R (x jtn ) \a,j ■ V /.-„(./-„) 



R 



a 'j ■ ^ k j,n( X j,n) = ( Xn 



by the mean value theorem for harmonic functions, because, from (11.51) 



V/C J> (X J> ) > 87TV K(X, Kj 



^2 G(x,Ki)\ 



Plugging these formulae to (12.311) , we end up with 

16vr 



7,> = "(I -Vn) 



3 -bj + o(l) 



( *j,n'yj,nt J "n 

Air 



+ o [XI ), 



which means, since a® n 



7° 



8ir and /i„, — > 1, 

-(1 - fO + o(l)} + o (4) 



47T 



;i-/^n)<!^+0(l)i+0fA l 



(2.33) 
□ 
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Proposition 2.17. Let floo = 1 and bj ^ for some j G {1, • • • , m}. Then it holds that 

,31 ( 1 



21ogA n V lo g^r 
Proof. Combining Propositions 12.141 and 12.161 we have 

Snbj + o(l) _ . f 167r 7 

^ gAw = (1 - 0n) <| — 6j + 0(1) !> 

Then we obtain, since bj ^ 0, 

8tt6,- + o(1) 1 /i 



/in " 1 "^ + o(l)-bgX + ° (A " 

1 3 1 / 1 

= 1 - • ; r- + o 



2 logA n \ lo g-^n 



□ 



Remark 2.18. By Proposition 12.171 we only have to consider the cases bj = (j = 
1, ■ ■ • , m) to calculate the Morse index of w n because, by the last proposition, we have 
that fi n > 1, for n large enough, if bj ^ 0. 

Let D = (A?) be the diagonal matrix diag[d 1; d 1; d 2 , cZ 2 , • • • , d m , i.e. D takes the 
diagonal components D 2 j_ li2 j-i = Ajj,2j = e/,- for j = 1, • • • , m. 
Let us introduce some notations. Set 

Ia@{zi, Z 2 , Z3) 

( d d 1 

< ^— Gx a (x,z 2 )Gy Jx,z 3 ) - G Xa (x, z 2 )—G y Ax,z 3 ) > da x 

dB R (zi) l OU x OV x J 

(21 7^ Z 2 , Zl 7^ z 3 ) 

2-^2,3(^1) = z 2 = z 3 ) (2 34) 

Gx a yp\ z Xi z 2) {Z\ = Z 2 , Z\ 7^ Z3) 

Z 2 , Z\ — z 3 ), 

(see HGOSlll Proposition 2.3]). We prove a crucial estimate for the proof of Theorem [TTTJ 



Proposition 2.19. Ifl — fi n — o ^A„ there exists rj G IR such that 

fi n = 1 -48vrr/A n + o(A n ). (2.35) 
Moreover t] is an eigenvalue of the matrix D{HessH m (Ki, ■ • • , n m )}D. 
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Proof. Since 1 — /i n = o ^An j it holds that 



i i 
-&ix\n ^2 dj a j ' Vj / G(x, x jjn ) + o \\%\ (2.36) 



in C 1 Uf =1 B R («,•)) by (12121) . (127271) . (12301) and (1231) . 
Using that 

-A^ = A„e-^ in a 



we have, for a = 1,2, 



d ( du n \ v n du n d ( v n . 

— > da x 



dB R{Xj , n) ydv \dx a J A | dx a du y A 5 



A ^ r - « — A ~ I rfx 

Bflfe.n) \ An ^ A; 



i 



A^ JB R (xj, n ) 

Phi.; _ 

Wj >n dx. (2.37) 



[ „u in 9u j,n 



XlS j>n JB n (0) ^ 



Then we obtain, recalling that = 0, 

/ e*"^v j>n dx — ► /e 17 ^ (a, ■ Vt/) = ^a iiQ (2.38) 
Jb b (o) 9x Q 7 R 2 3 



where ), by (12.71) and Lemma l7A73~l (see Lemma ITaTI for the last integration). 

Then, by (127341) 

Iap(Kj, K k, K>l) 



l<k<m 

2 



G Xa y p {Kj,Kl), OVO 
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Moreover from (12.361) and (11.31) . it follows that 

d ( du n \ v n du n d (v^ . . ^ (2 39) 



8B R { Xj , n ) \du \dx a J A | dx a du\ X l 

„ ( q m m 

— y / < —87ry^G Xa (x,K k ) ■ (-87r)y^ diai -V y G(x,Ki) 

JdBnlKA \9U f-f f-' 



fc=l 2=1 



-8ir^2G Xa (x, K k ) — (-8tt) ^diai ■ V y G(x,Ki) \ da x 



dv 

k=l 1=1 
2 

-647T 2 22 dl ^2 a h^^ K V K k, 
l<k,l<m (3=1 

-64tt 2 I ^ I a^j^k^i)\dia hi 

i<l<m \l<k<m / 



13=1,2 



-64vr 2 H ™ M ( Kl >'" >0^^,/3- 



l<i<m 

/8=1,2 



Consequently, it follows from (12.371) and (|2.38l) that 

- 64tt 2 Y H T jta x^( K i, ■■■ , Km)dm,p + o(l) 



l<l<m 

0=1,2 



-a jjQ + o(l) 



which is equivalent to 

1 - A*n 



A 



ii 



48tt^ ^ //,"!.,.,, ('■• i- • • ■ , K m )dtai,p + o(l) 



l<(<m 

(8=1,2 



487T ]T (DHess^K, • • • , «m)I>) 2(j ._ 1)+aj2(I _ 1)+j9 a /j/3 + o(l). (2.40) 



l<I<m 

(8=1,2 



By Proposition 12.1 1[ recalling that = for any j we have that a J)Q ^ for some 
j = 1, . . . , m and a = 1, 2. For such (j, a) it holds that 

I _ ^ ^flfS ( D}lessHm ( K U • • ■ , «m)^)2y-l)+a,2(i-l)+|8 a ',/? 

487rA„ Oj iQ , ^ 

and hence (12.351) follows. Then (12.401) implies 

W,a = Yl PHeSSiy m (Ki, • • • , Km)^) 2(i _i) +ai 2(i-l)+ / 8 a/ )/S 

l<i<m 

(8=1,2 
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for any j and a. Thus rj is an eigenvalue of DHessif m (/ti, ■ • • , n m )D and the proof is 
complete. □ 

We conclude this section with some orthogonality relations between the eigenfunc- 
tions. Let v l n be the l-th eigenfunction of (11.61) . Let c l , a 1 , and b l be the associated coeffi- 
cients c, a, and b, arising in the limit of v l n as n — > oo (see Remark |2~4|) . Thus we assume 
the orthogonality in Dirichlet norm, 

/ V<-V<' = if/^r. (2.41) 
Jn 

Proposition 2.20. We have the following, 
i) If ^ = 0, it holds that 

I |V„< f * = A Will- + .(!)} = -^gf + . (^) • (2-42) 

22) /f/i^o = /i^ = and I 7^ /', zY /lo/ds that 

c l ■ c 1 ' = 0. 

in) If ^ l 00 = 1, it holds that 

[ |V^i| 2 ^ = ^(11^11^+811^11^) +o(l). 

iv) If = ^ = 1 and I 7^ it holds that 

a 1 ■ a 1 ' + 8b' ■ b 1 ' = 0. 

Proof. Each limit below is justified by (12.71) and the dominated convergence theorem. 
i) From (11.61) we have 



Wv l n \ 2 dx = - I (Av l n )v l n dx = /j, n X n / e Un (v l n ) 2 dx 
n Jn Jn 



so that 



— / \W n \ 2 dx = \ n [ e u "{v l n ) 2 dx 
Jn Jn 

= VAJ e u »(v l n ) 2 dx + X n e^{v l n f dx 

j=1 JB R ( Xjtn ) Mu"li B R {x ]:n ) 

£ / e"-(4 n ) 2 ^+ (A n ) 



j=l JB R (°) 

By Proposition ^. 13| i) follows. 



7T||C n R »7 
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ii) If / ^ I', we have 



= / Vt£ • Vv l » dx = - Av l n v* dx = fi l n X n / e Un v l J n dx. 
Jn Jn Jn 

Since fi l n > 0, it holds that 

= X n / e Un v l n v 1 ^ dx 
Jn 

= V] A n / e Un v l n vi dx + \ n I e Un v l n v 1 ^ dx 

j=1 JB R (x j!n ) Ml^i B R (x JtU ) 

m „ 

= V / e^v[ n v l l n dx + o(\ n ) 

j=l Jb h(0) 

*j,n 

m „ 

— y / e ^4 c i ^ = 87rc ' ' c ''- 
i=i ^ r2 

m) Similarly to the first case it holds that 



1 

H'n Jn 



\Vvl\ 2 dx 



A n / e^{v l n fdx = Y J 
Jn - =l J b 



B r (0) 



e^(^ n ) 2 dx + o(\ n ) 



7^ in 2 3 3 

(see Lemma lATI for the last integration). 
iv) The proof is similar to the second and the third cases. 



3 Estimate of eigenvalues 

In this section we provide the estimates (11.91 ), (11.101) and (11.111) . 



3.1 Estimates of /x* , . . . , /i 



n 



□ 



The asymptotic behavior of the eigenvalues of (11.61) is estimated inductively. Let us start 
to study /i^. 
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Take a cut-off function £ £ O£°([0, +00)) satisfying 

«')=={ S i"^" 1 



and set 

fJx) ;=p(\— 

R 



LU): (3.1) 



for some i £ {1, . . . , m}. 

Proposition 3.1. The first eigenvalue n\ of (11.6b satisfies 

fi^ — a* n — > 00. 
Proof. By the classical Rayleigh-Ritz variational formula, it holds that 



veH^(Q) X n J Q e Un v 2 dx X n J" e"™^ <ir 



for any u„ £ H^(Q). Let w n := £ n w n . 

Using the asymptotic behavior of u n , we have 



/ \Vv n \ 2 dx = / \V^ n u n )\ 2 dx = / |Vw n | 2 cfe + 0(l) 
Jn Jn JB R (xi, n ) 

= [ -u n do - / Aw n w n + 0(1) 



e" n M n cfe + 0(1) 

Bn(Xi !rl ) 



u n {xi, n ) j e^> n dx+ / e^u^dx + 0(1) 



B R (0) r (0) 

= u n (x itn ) {8n + o(l)} + 0(1) 

= -167rlogA n , + o(log A n ) (3.2) 
as n — > 00. Also, we have 

A n / e Un v 2 n dx = A n / e Un £ 2 u 2 = A„ / e" n it 2 da; + O (A n ) 
in J B R (x itn ) 

e^ n u 2 in dx + 2u n {x^ n ) I e ni ' n u i>n dx 

B_r_(0) JB r (0) 

i,n ^i,n 

2 



+ (u n (x i:n )) / e fii -"dx + o(l) 



B a (0) 

2 



{87T + o(l)} (^n^n) ) + O (M n (Zi,n)) 

327r(logA n ) 2 + o((logA n ,) 2 ) . (3.3) 
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From (13.21) and (13.31) we deduce 

Q< i < -167rlogA ra + o(logA n ) = 1 / 1 \ ^ Q 

""""32 Ir (logA„) 2 + o((lo g A„) 2 ) 21 °8 A » "logAj 

and this concludes the proof. □ 
Remark 3.2. By Proposition ED there exists c 1 G IR m \ {0} such that 

by Remark [241 and Proposition ^. 1 1[ 

In order to prove the estimate for /i 2 , . . . , n™ we will proceed by induction. 
Proposition 3.3. It holds that {i k n — > Ofor any k — 2, . . . , vn. 

Proof. Given k = 2, • • • , m, we suppose the Z-th eigenvalue fJ n tends to as n — > +oo 
for any / G {1, . . . , A; — 1}. Now we shall show /xj; — >■ 0. Recall that v l n denotes the l- 
th eigenfunction of (11.61) . By the above inductive hypothesis, there exist c 1 , . . . , c fc_1 G 
IR m \ {0} and a sub-sequence of i>£ (denoted by the same symbol) such that — ► c*- in 
(^'"(IR 2 ) for any I — 1, . . . , k — 1 and j = 1, . . . ,m. Moreover, Remark [2771 implies 

i£— ►() in C^U^flfl («,•)) (3-4) 

for I G {1, . . . , k — 1} as n — > oo. 

From the variational characterization of the eigenvalues we have 

- f L\ Vv \ 2dx 



D±span{t>^ , . . . ,v n ~ 1 } 

We take the cut-off function £ G C£°([0, +oo)) and define £ n (x) by (|3H) . with % G 
{1, . . . , m} determined later. Put 



v n ■ £,n u n S n V n ' ' ' S n V n 

with 

i In V (ZnUn) ■ W n dx 
j n \Vv^dx ■ 

Then it follows that v n J_ span{i>*, . . . , w^ 1 } under the Dirichlet norm. 
First, we show the following, 

Claim: It holds that 

2c l 



log A n + o(log A n ) as n -»■ +oo. (3.6) 

C || R m 



for Z = 1, . . . , k — 1. 
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Proof of the Claim. By (11.61) . it holds that 

/ V(CnWn) • Vv l n dx = - / t, n u n Av l n dx = fi l n X n / e u "?;^A(ii 
Jn Jn Jn 

= a4A / e Un v l n u n dx + fi l n X n / e u "v l n £ n u n dx 

JB R (x i} „) Jn\B R (x i: „) 



H n u n {xi, n ) 1 e t ' n v i ^ n 



dx + n l n / e" 4 -"^ n u i>n dx + o(/40 

B fl (0) JB r (0) 



{-2bk + fe) } { - 21 ° g A - + 0(1)} {8W + + 

8ttc| + o(l). 



Then ( 13.51 ) and z) of Proposition |2.20l imply 

i 8*4 + o(l) 



4tt i| c ;i|2 m a_ ( i 

log A„ II HlR m \^ log An 

and the proof of the claim is complete. □ 



For v n = £ n u n - s*t£ s* X \ we have 

/ < J n \Vv n \ 2 dx 

H'n — 



\ n f n e u ™v%dx' 
Moreover, using (13.51) . we get 



/ \Vv n \ 2 dx = [ \V(Z n u n - S y n s k - l v k n ~ l )?dx (3.7) 

Jn Jn 

n k 1 n k 1 n 

= / \V(£ n U n )\ 2 dx-2j2sn / V(tnU n )-W n dx + Y,K) 2 / dx 

Jn , =1 Jn , =1 jq 

fc-i „ 
|V(^ n )| 2 d*-^(4) 2 / \W n \ 2 dx. 
1=1 Jn 



By (13.61) and Proposition [2720] we get 



2 4 , x n , X f 47r „ ni2 

"P^ ° gAn + 0( ° gAn) J r^ l|C + \logA r 

167r ( c ') 2 , X X x 

„ n 2 log A n + o(log A„) . 
Il c llR m 
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Then (13.71) becomes, using (13.21) 



/ |V^| 2 rfx = -167r(l- V-^|^llogA n + o(logA n ). (3.8) 

JU { l=1 II C || R m J 



Next, we have 

k-l 



A n / e Un v 2 dx = X n I e Un £ 2 n u 2 n dx-2^\ n s l n I e Un £ n u n v l n dx 
Jn Jn l=1 Jn 

fe-i „ 

+ E A « s « s « / e w "«'^- (3-9) 



Here we have 

fc-i „ fc-i 



re— l „ re— l „ / I \ 

z=i ^« J n i=i Jn 



and 



Z,Z'=1 ^ l,l'=l ^ n 

J J' r k-1 / J \2 /• 



Av l n ■ v l n dx 

n 



i 

using the assumption (12.411) . Therefore, it holds that 

fe-i , 



A n / e u "v 2 n dx = \ n [ e u ^y n dx-J2 < ^l L [ |V^.| 2 : dx. (3.10) 
Jn Jn l=1 ^ n Jn 



It holds also that 



«) 2 



WvLrdx 



Jn 

{"Mfc logAn + o(logAra) } / 4vr 







2 log A„ \ log A„ 



C'll^m + O 



i_\ { logA n " " n VlogA 



32tt(c: 



i\2 



Mil 2 

I 1 - Hit 



(logA n ) 2 + o((logA n ) 2 ) 



Then (l3T0l) becomes, by (Q 



A n / e^ 2 ^ = 327r{l- V F ^l(logA n ) 2 + o((logA n ) 2 ). (3.11) 
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Here we choose i G {1, . . . , m} satisfying 

e i = (0,... J l,0,...,0)^£(A;-l) (3.12) 

where 

C(Jfe-l) := span{c\ . . . , c*" 1 }. 

This is possible because C(k— 1) is a (k— 1) -dimensional subspace of IR m = spanjei, . . . , e 
(see Proposition 12.201) and m — (k — 1) > 1 by k < m. Then, denoting by proj 5 f the 
projection of the vector v on a subspace S of IR"\ we have, by (13.121) . proj e -( A ._ 1 )_ L ej ^ 0. 
Hence it follows that 

<|proj c(fc _ 1) ±e i | 2 = \a\ 2 - Iproj^.^eil 2 



fc-l / i \ 2 I k— 1 / /xo 



which implies, by (f3~8l) and (13.111) . 



0</4< 



-16tt- 


N s-.k-l (c 
^ Zw=l || c !| 


) 2 1 
R m J 


• log A n + o(log A n ) 


32tt< 




MiUj 


.(to 


gA n ) 2 + o((logA„) 2 ) 



21ogA n \ lo g^n 



Remark 3.4. Propositions [33] and |2T3] imply (fL9l) . 

3.2 Estimates of , . . . , /4 m 

Similarly to Section I3TT1 we start by considering [i k n for k — m + 1. 
Proposition 3.5. 77ze m + l-th eigenvalue n™ +l of (11.61 ) satisfies 

< < t+1 < 1 + 0(A n ) asn-^oo. 
Proof. We take the cut-off function £ n defined by (13.11) and put 

£ 9u n ^ ^ mm 

with 



□ 
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Then it follows that v n _L span{^, . . . , v™}. 
Claim: It holds that 

s l n = o(l) asn->+oo. (3.14) 

for I — 1, . . . , m. 



Proof of the Claim. By (11.61) we have 

= V l n \ n [ e u "v l n ^dx + oM. 
It holds that, similarly to the proof of Proposition ^. 19l 

004)=/ b yG 2D 



L \ 0x aJ OX a 



-\ e u "—v l + —A u'e M V 



(a£ - 1) / 



dx a 



which implies 



since jJ n — > for any I = 1, . . . ,m. Consequently, we obtain, by i) of Proposition l2.201 

g " = " ^{8vr||c'||^ + 0(l)} =0( ^ ) = 0(1) Mc|k«^0. 

□ 



It holds that 

< < 



A n / n e u "y2 dx' 
Then, arguing as in (13.71) . from (12.421) and (13.141) . we have 

2 



A„, / e Un v 2 n dx = X n I e 



A n e^(^Vrfx + o(l). (3.15) 
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Then it follows that 

I Vw„ I 2 dx 



v(^)f--gw7 n |vi '»'^ 



du r 

dXr 



dx + 0(l) 

2 



( Ke Vn (^] dx + 0(l) by (EH 



X n e u "v 2 n dx + 0(1). 



Here we have 



u„ ( 3u n 

dx n 



dx 



Therefore, it holds that, by (13.151) 



1 f du 



B R (0) $i,n V dx r 



dx 



Air 



3dj \ n 



i + o(D). 



« < , m+i < In\^ v n\ 2 dx _ A„, /„ e u "v 2 n dx + 0(1) = 

U - f- l n — \ f cii„.„2 A % \ r u n „1 An,. 

0(1) 



+ 



0(1) 



A n J n e^v 2 n dx X n J e^v* dx \ r e u n (duA 2 + o(1) 

An JB R (x i , n ) t \dx a ) ^ U \ L ) 



4tt 



1 + 0(1) +o(l 



l + 0(A n ) 



since dj 7^ 0. 



□ 



Proposition 3.6. We have \x, 



m+l 



1 and there exists an eigenvalue r] m+1 of the matrix 



.D{Hessif m (Ki, ■ • • , K m )}D satisfying 



m+l 



l- 487r^ +1 A n + o(A n ). 



Proof. First we show that < 1 is impossible. In fact, if < 1 by Corollary 12 .121 
we have that = 0. Proposition l2.20l implies the existence of c m+1 G IR m such that 



(V™ +1 , • ■ ■ ,V™ +1 ) = c m+1 ^ 



and 



C ■ C 



for every I E {1, ■ ■ ■ , m}. 



This is impossible because spanjc 1 , • • • , c m } = IR m . Therefore, by Proposition 13.51 we 
derive that = 1, and then Proposition 12 . 1 91 gives the claim. □ 
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Proposition 3.7. It holds that 

< < 1 + 0(\ n ) fork = m + 2,--- ,3m. (3.16) 

Proof. We prove (13.161) by induction. Let us assume that (13.161) holds for m + 1 < / < 
k — 1. So, by Proposition ^. 19[ we have 

^ = 1 - 487r^A n + o(X n ) (3.17) 

for m + l</</c — 1, where rf is an eigenvalue of the matrix DHessH m (ki, . . . , k m )D. 
Then, from Proposition ^. 171 it follows that b l = 0, for m + 1 < / < k — 1, and so 

aj - VI7 inCL(lR 2 ). (3.18) 
Now we take the cut-off function £ n defined in (13.11) and let 

. Suj, _ i i S fc -V _1 

with 

Here the indices z £ {1, • • • , m} and a £ {1? 2} will be chosen later. In any case it follows 
that v n _L spanjw^, . . . , t^" 1 }. By Proposition l3.5l we also have s l n = o(l) for 1 < / < m. 
Then we have the following 



Claim: It holds that 



S n = ( ,„ Q ,T 2 + 



di\W\\ 2 R 2 m I \2 



for Z = m + 1, . . . , k — 1. 
Proof of the Claim. We have 



V l n \ n I e u "v l n ^dx + o(l) 



Bn(x i:rl ) 



a 



and 





'B R (0) 








UIR2 




'4tt aj >a 


AI ( 


3 ^ 
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Then Hi) of Proposition 12 .201 implies 



s 



¥h l \\l 2m + o(i) 




It holds that 



Here we have, by (13.151) . 



o</£< 



f Q \Vv n \ 2 dx 



\ n f n e Un vldx' 



X n e Un v 2 n dx = / \ n e Un £ n 
n Jn \ c ' a '<- 



fe— 1 / ; \ 2 „ 

dx- y;^f- / \vv i n \ 2 dx 
i=i ^ n J q 

dx + o(l)- V / |V^| 2 dx. 



OX 



8u n 



Bn(. x i,n) 

Therefore, similarly to the case k — m + 1, it follows that 



/ \Vv n \ 2 dx = 
Jn Jn 



V Un 



i=i ^ 



v e 



l <9x r 



Bn(x iin ) 



u n fdUn 

dx n 



m „ fc— 1 „ 

«=1 «=m+l 

<*r + 0(l)- ^ (4) 2 / \Vv l n \ 2 dx 

l=m+l J V 



r fe-1 

/ A n e u "^dx + 0(1) + 

J n l=m+l 



l —T L {s l n) 2 I |V^| 2 dxby(l33S. 
Jn 



Then we get, from Hi) of Proposition l2.20l (13.171) and (13.191) 



l=m+l 



= o(x r 

Consequently it holds that 



d-\\a l \\ 2 

1 II Hr 2 " 1 



+"0(1)1 ^-O(l) = 0(l). 



/ |Vt> n | 2 d:r = / A n e u "^da; + 0(1). 
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On the other hand, by (13.191 ), we get 



\ n e Un v 2 n dx 



Air 



A p 71 

OXr 



fe -! (J\ 2 



<*W l=m+1 »n Jn 



k-X 



Sdi\ n 



rMla'll 2 

* 1 1 II ]R 2m 



(i + o(i))- J2 

l=m-\- 

-lia'H^m + o(l) } +o(l) 



+ o(l) 



47T 

3<i 2 A n 



>- E 



lla'll 2 

1 II a H R 2 



+ 0(1) +0(1). 



(3.21) 



Let {ei,!, ei t 2, . . ■ , e m> i, e m>2 } be the canonical basis of IR 2m and choose (i,a) G 
{1, . . . , m} x {1, 2} satisfying 

e i>a i %{k - 1) := span{a m+1 , . . . , a fe_1 }. (3.22) 

Since 2l(fc — 1) is a (A; — m — 1) -dimensional subspace of IR 2m (see Proposition l2.20l) and 
observing that k < 3m implies that 2m — (k — m — 1) > 1, we have that there exists a 
pair (i, a) satisfying (13.221) . Then (13.221) implies that proj^^^e^ 7^ 0, and therefore 



|P r oja(fc-i)^ei, 



fc-i) f 



1 - 



k-l 

E 

=m+l 



J 2,CK 11 ni 

J I CI J I 2??i 



1-1 (<„) 2 



> 0. 



= m+1 H" Hr 2 



Finally, it follows that, by (I3T201) and ([3T2TT) 



< * < / n |V^r<fa = A w / n e""t;gdx + 0(l) 

0(1) 



1 + 



,{(i-Et!. +1 S+ (i)} + (i) 



1- 



3^A 

l + 0(A n 



and the proof is complete. 



□ 



4 Proof of Theorem 1.1 and Theorem 1.2 



Proof of Theorem li.il Propositions 13.71 and 12.191 imply 

H* = 1 - 487r^ fc A n + o(A„) 



(4.1) 
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for m+ 1 < k < 3m, where rj k is an eigenvalue of DB.ess(H m )D. Then, from Proposition 
12.171 it follows that b k = for m + 1 < k < 3m. Let 4 — > 1 with k > 3m + 1. Then we 
have b k ^ because iv) of Proposition 12.201 implies that (a fc , b k ) G IR 3m is orthogonal 
to the 2m-dimensional subspace of H 3m spanned by (a m+1 , 0), • • • , (a 3m , 0). Hence we 
obtain 

//* = 1--- 7- + o(- —) >1 forn>l. 

21ogA n \\ogX n J 

by Proposition 12.171 Thus, the calculation of the (augmented) Morse index of u n is re- 
duced to study 4 for m + 1 < k < 3m because 4 = for 1 < k < m. 
Since 

n m+l < ■ ■ ■ < u 3m 

we have 

Therefore, ?7 fc is the {2m — (k — m) + l}-th eigenvalue ^ 2m -( fc - m )+i f £)(HessiJ m )D. 
As we noticed in Section [Q the sign of the Z-th eigenvalue of 

J D{Hessi/ m (K 1 ,--- ,n m )}D 

and that of H.ess H m (Kx, ■ ■ • , « m ) is the same (see Lemma IBTTT) . It is easy to see that 
the {2m — [k — m) + l}-th eigenvalue of D(HessH m )D is nothing but the [k — m)-th 
eigenvalue of _D{Hess (—H m (Ki, ■ ■ ■ , K m )}D. Finally, it follows that 

md M {-H m ( Kl , ■ ■ ■ , n m )} = #{k G IN ; r/ fc > 0}, 
ind^{-£T («!, • ■ ■ , n m )} = #{£; G IN ; r/ fc > 0}. 

Theorem [Tj] now follows from (14.ll ). □ 

Proof of Theorem 1772] From Proposition 12.131 and Proposition 13.31 we get (11.91) . (11.101) 
follows by Proposition 13.71 and Proposition 12.191 Finally (11.1 lb follows by Proposition 
[27171 and Remark [27l8l □ 



A Computation of integrals 

Lemma A.l. Let U be as defined in (12.61) , U a = and U = x ■ VU + 2. Then it holds 
that 



e u dx = 8ir, / e u U dx = — 16tt, / e u U a dx= / e u L 
r 2 Jn 2 Jtr 2 Jtr 2 

e u U 2 dx = 64vr, I e u UU a dx = 0, / e u UUdx = 16n, 

R 2 JR. 2 JR 2 



e u U Q Updx=^5 a p, [ e u U a Udx = 0, [ e u U 2 dx 
3 Jtr 2 Jn 2 



34 



Francesca Gladiali, Massimo Grossi, Hiroshi Ohtsuka, Takashi Suzuki 



The proof of the above formulae is elementary. 
Proposition A.2. It holds that 

1 

-Ay < 



C 



r 2 \x-v\ (i + \Ml 



1 + x 



(A.l) 



Proof. We divide the proof into two cases. 



Case 1 : For \x\ < 1, we have 

f 1 1 

JR 2 '' 



2 



< 



1 + 



c < 



2C 



x)\x-y\ ' 1 + \x 



Case 2 : For |x| > 1, we have 

/" 1 1 

Jn 2 '' 



< 



1 



1 



1 



B| (x) 1^ — 2/1 



< 



16tt 



.r 



< 



1 ~ 32 / V 









fI 


X 3 


\x\ 



since |£] > 1. 

This estimate is a refinement of the one used in HGG09[ Lemma A.l]. 
Lemma A.3. There exists a constant C independent ofn and j satisfying 

C 



dUj in 



OX, 



< 



1 + \x\ 



in (0). 



Proof. First, we have 

du n (x) _ I 
dx a Jq 



G Xa (x,y)\ n e Un dy 



/ G Xa {x,y)X n e u "dy+ / G Xa {x,y)X n e u "dy. 

i=l JB R (Xi, n ) Jn\J?Ll B R( x i,n) 



□ 



Morse indices of multiple blow-up solutions to the Gel'fand problem 



35 



Here it holds that 



/ 

Jn\ 



G Xa (x,y)X n e Un dy 



'n\U£l-Bjt(^,n) 

and also, for % ^ j, that 



<0(A n ) / \G Xa (x,y)\ dy = 0(X r 
'n 



1 B R (x i>n ) 

If i = j, on the other hand, we have 



/ G Xa (x, y)X n e Un dy = 0(1) in B R {x j>n ) 



/ G Xa (x,y)X n e Un dy 



1 



{ ^^X n e^dy + 



Bn(xj, n ) 



\x - y\' 



K Xa (x,y)X n e Un dy 



B n( x j,n) 



with 



/ K Xa ( Xj y)X n e u "dy = 87rK Xa (x, Kj ) + o(l) = 0(1) 

JBntxir,) 



for x e -Br (xj,n)- Therefore, we have 

du j>n _ x du n 



dx r 



1 



J 3, n 



2VT J B R (0) ^,n\ X -V\ 



y )a e ^dy + 0{\) 



and consequently, 



du jtn 



< 



2tt 



B r (0) 



\x - y\ 



e^dy + 0{6 jin ). 



Here we may assume 



0(6 Jt n) < T 



c 



\X\ 



with some C > by x G £>_r_ (0). We have also 



/ jJ-^re^dyKC [ — -i— — 

Jb b (p)\z-V\ Jn 2 \x-y\(i + W 



with C > by (12.71) . Therefore, the lemma follows from (IA. 11) . 



□ 
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B A linear algebra lemma 

Lemma B.l. For every real symmetric N x N matrix H and a real diagonal matrix 
D = diag[di, • • • , djv] with dj ^ Ofor every j = 1, • • • , N, let us denote by A k and A k 
the k-th eigenvalue of H and DHD. Then the sign of A k and A k is the same for every 
k = l,--- ,N. 

Proof. From the mini-max principle it follows that 

Tfc DHD\v] 
A = mm max 



S k v£S k \{0} pW^rt 

where Sk is a A;-dimensional subspace of JR. , min,s fc indicates the minimum among all of 
the ^-dimensional subspaces, and DH D[v] is the quadratic form t vDHDv. 
Since D is also a symmetric matrix, it holds that 

DHD[v] =* vDHDv =* v l DHDv =* (Dv)H(Dv) = H[Dv) 

and 

DHD [v] H[Dv] H[v] 



max — — = max - — — = max 

^G5 fc \{0} \\V\\^ N v£S k \{0} \\V\\^ N veDS k \{0} \\D~ L u\\^ N 

Here we have 



' J]] il < |in-i ? ,||2 < II^H^ 



maxi<j<jv dj ^ mini<j < N dj 

Therefore, it holds that 

, 2 H\v] H[v] , 2 H\v] 

mm d- max - — — < max ; — — < max a „• max 



l<j<N" 3 veD~S k \{0} \\v\\'^ N veD~s' k \{0} HD-^II^ 1<J<JV 3 v£DS k \{0} ||w||^iv' 

provided that H[v] take a non-negative value, that is, the A;-th eigenvalue A k > 0. Conse- 
quently, it holds that 

. , 2 . H[v] ^ H\v] 

mm a „• mm max - — ^ — < mm max 



l<j<N 3 S k v€S k \{0} WvW^ S k v€DS k \{0} WD^vW^ 

,2 • H\v] 
< max a„- mm max 

which implies 



l<j<N J s k veS k \{0} IMI^jv' 



A k min d? < A k < A k max 
when A k > 0. Similarly, we obtain 



A k min en > A > A max d] 

l<j<N J l<j<N 3 

ifA fe <0. □ 
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